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Asymptotic Solution for Viscous,
Absorbing, Emitting Shock Layer

MARTIN C. JISCHKE*
University of Oklahoma, Norman, Okla.

Absorbing, emitting, high Reynolds number flow in the blunt body stagnation region is stud-
ied using asymptotic expansions. In contrast to previous results for optically thin gases, the
boundary layer is here shown to be radiating and scale as Re~llz with corrections of order (In
Re)1+J'Re~1/2. Typical parameter values suggest the boundary layer to be weakly radiating.
The primary effect of radiative transfer in the inviscid portion of the shock layer on the bound-
ary-layer flow is given by the reduced value of the inviscid gas enthalpy at the wall. Numerical
calculations of skin friction and total heat transfer including both radiation-induced coupling
of the radiation and convective components and contributions of higher-order corrections
indicate reduction of the skin friction and convective heat transfer due to radiative transfer.
The results are used to determine conditions for which the radiative and convective com-
ponents of heat transfer are equal.
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Nomenclature
constants
reference area
Planck function
nondimensional Planck function
speed of light
skin-friction coefficient
nth order exponential integral function
reduced stream function
reduced stream function in boundary layer

enthalpy
boundary-layer enthalpy

0,1 for two-dimensional and axisymmetric flow, respec-
tively

shock layer thickness scale
exponent in variation of density with enthalpy

pressure
Prandtl number
radiative heat flux
convective heat flux
radius from axis of symmetry
Reynolds number
temperature
velocity components in the x and y directions, respec-

tively

Presented as Paper 70-868 at the AIAA 5th Thermophysics
Conference, Los Angeles, Calif., June 29-July 1, 1970; submitted
Augusts, 1970; revision received March 22, 1971.

* Assistant Professor, School of Aerospace, Mechanical and
Nuclear Engineering. Member AIAA.

x,y = coordinates parallel to and normal to the body, respec-
tively

y* = value of y in overlap region
a = exponent in variation of temperature with enthalpy
/3 = exponent in variation of mass absorption coefficient with

temperature
7 = Euler constant, 0.577. . .
r = radiation-convection energy parameter
r = boundary-layer radiation-convection energy parameter
5i,52 = small parameters of boundary-layer expansion
ci = small parameter of inviscid layer expansion
f = boundary-layer coordinate
f] = normalized optical variable
y = boundary-layer optical variable
K = mass absorption coefficient
Hp — Planck mean mass absorption coefficient
ju = viscosity coefficient
v = frequency
x2 = pressure gradient parameter
p = density
or = Stefan-Boltzmann constant
TL = shock layer optical depth
TS = reduced shock layer optical depth
TV = optical depth at frequency v
fs = boundary-layer optical depth
(pi — boundary-layer scaling parameters
\l/ = stream function

Subscripts

v = frequency dependent
w = wall
s = shock
0,1,2 = lowest, first, second order
thin = result obtained from optically thin analysis
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Superscripts
c — composite
i = inner
o = outer

Introduction

THE importance of radiative energy transfer in high-speed
re-entry is well known. With the exception of the work of

Burggraf,1 previous efforts to calculate the heat transfer for
high Reynolds number flow past a blunt body have either as-
sumed the flow to be inviscid,2'3 neglecting the convective com-
ponent entirely, or have, within the framework of purely nu-
merical methods, taken the shock layer to be fully viscous,4-5

without consideration of the inviscid-viscous division of the
shock layer at high Reynolds number. The inviscid approxi-
mation is presumably a lowest-order approximation, valid out-
side the viscous boundary layer near the body. Numerical
schemes for the fully viscous shock layer while valid at low
Reynolds numbers6-7 cannot be extended to arbitrary high
Reynolds numbers due to the singular nature of that limit.
The asymptotic results of Burggraf1 for high Reynolds number
flow, while including both convective and radiative compo-
nents, are restricted to optically thin shock layers and do not
yield the usual inverse-square-root dependence of boundary-
layer thickness on Reynolds number. In view of the recently
established singular nature of the optically thin limit,8 it would
appear that this result is of limited validity. The removal of
the optically thin approximation with the inclusion of self-ab-
sorption effects, while of obvious importance, implies conser-
vation equations of a nonlinear integro-differential form, ana-
lytical solutions of which are quite difficult. Thus, for values
of the radiation-convection (cr T*/puh)ief, Bouguer (xL)ref,
and Reynolds (p[/L/ju)ref numbers typical of very high-speed
re-entry, calculations of the total heat transfer in the bound-
ary-layer limit, including coupling of the radiative and convec-
tive components, are presently unavailable.

With this in mind, the investigation to be described has had
the following objectives: 1) application of the method of
matched asymptotic expansions to the high Reynolds number
flow of a radiating gas in the stagnation region of a blunt body,
including self-absorption effects, with elucidation of the
boundary-layer structure; 2) calculation of the total heat
transfer including both coupling of the radiative and convec-
tive components and the contribution of higher-order correc-
tions; 3) detailed numerical solutions of the flowfield near an
axisymmetric stagnation point for typical values of the rele-
vant parameters; and 4) comparison with previously obtained
results for the optically thin limit so as to ascertain the validity
of those results.

Governing Equations

Consider flow of a viscous, radiating gas near the stagnation
point of a blunt body. Taking x and y parallel and normal to
the body, respectively, conservation of mass, Newton's second
law, and conservation of energy are

(5/dz)(pwO + (5/dy)(pwO = 0 (1)
pudu/'bx.+ pvbufby + bp/dz = (d/cty) (judw/dy) (2)

= 0 (3)

pubh/bx + pvbh/by + (4)

That is, we accept the thin shock layer equations as being the
appropriate descriptive equations in the stagnation region.
Note that the dissipation terms do not appear as they are neg-
ligible near the stagnation point. As shown by Bush9 in the
nonradiating case, the above equations along with a discontin-
uous bow shock wave model (e.g. the ordinary Rankine-Hu-
goniot jump conditions apply across the shock discontinuity)

provide a proper representation of the shock layer up to (but
not including) order Re~l. One does not expect this result to
be altered by the inclusion of radiative energy transfer. Also,
the radiative pressure and energy density have been neglected
as they are unimportant for problems of interest. Following
Burggraf/ we shall, for purposes of simplicity, assume the
pressure gradient dp/dx to be a known function of x as in the
boundary-layer theory and thus shall neglect the variation of
the pressure across the shock layer.

Using the tangent slab approximation and neglecting the
effect of upstream absorption, the divergence of the radiative
heat flux, V • q72, is given by

fl = 4^ f" pKvBvdv - 2ir f "

27T pxv (5)

assuming local thermodynamic equilibrium. Here KV is the
mass absorption coefficient which depends, in general, upon
frequency as well as the thermodynamic state. Bv is the
Planck function and En is the nth-order exponential integral
function. The optical depth rv is given by

(6)

In writing Eq. (5), we have assumed the body to be black at a
temperature Tw.

We introduce the following nondimensional variables

x 1 ry p , _ K
x = 7, y = 7 f n -dy,x =* —L L JO ps KS

p = p / p s , u = u/us, v = pv/psvs

h = h/hs, p = p/psvs\ T = T/TS

(7)

For simplicity, we assume xv, the mass absorption coefficient,
to have an "appropriate" frequency-averaged value K allow-
ing use of the gray-gas approximation. While qualitative
behavior is predicted well by the gray-gas model, quantitative
errors can arise and this should be kept in mind when examin-
ing the results. Later, we shall comment on the effect of in-
cluding nongrey behavior. The following approximate, but
reasonable, relations between the density, temperature, mass
absorption coefficient, and enthalpy will be employed

p = h-*, T4 = h°, x =
We define the stream function \[/ by

= — vx1'

(8)

(9)
The continuity equation is satisfied identically if the stream
function \f/ is given by

\[/ = (x1+i/l + j)f(y) (10)
Taking the enthalpy in the stagnation region to be a function
of y alone, we can then write Eqs. (2) and (4) as, dropping the
bar notation,

(l/Re)(Nfyy)y + ffyy = (/* ~ TT%™) / (I + j) (11)

(12)

Here the subscript y implies differentiation with respect to that
variable. The normalized optical variable rj is given by

(13)n = J*o* x
with rs being the shock layer optical depth

rs = PSKSL xdy = TL xdy (14)
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The Reynolds number Re, the Prandtl number Pr, the
radiation-convection energy parameter (inverse Boltzmann
number) F, and N are given by

(15)
Re = psvsL/jj,s, Pr = nCp/k

T = 2(rTspsxsL/psvshs, N =

Also, 7T2 is a pressure gradient parameter, or Euler number

7T2 = -[(1 +j)*/x]dp/dx (16)
typically bounded by 0.1 and 1.0 for conditions of interest.
The boundary conditions for Eqs. (11) and (12) are, neglecting
possible mass transfer at the wall,

y = 1 (shock): / = h = 1

y = 0 (wall): / = /, = 0 (17)

h = hw = h(Tw)
assuming the wall temperature is given.

Inviscid Flow

As we are concerned with the high Reynolds number limit,
it is appropriate to consider an expansion about infinite Rey-
nolds number with y fixed corresponding to the inviscid outer
flow. It is well known that such an outer expansion proce-
dure is singular with the region of invalidity being near the
wall(y = 0). Thus we let

(18)

where here the superscript o means outer and ci is small for
large Re. Substituting these expansions into Eqs. (11) and
(12), we obtain, to lowest order

fo°foyy° = j)

= I

f*

with boundary conditions at the bow shock wave

y = 1, h<>° = /o' = 1

(19)

(20)

(21)

The boundary conditions at the wall(?/ = 0) follow from the
matching. Equations (19) and (20) have been derived under
the assumption

as Re (22)Re€i(Re)
which will be verified later.

To determine the first order equations, we must consider the
absorption integral in some detail. Consider then

fl
JO

(23)

We now assume that an asymptotically correct value of this
integral follows upon use of the composite solution in* the inte-
grand. Thus we can write

fo~ TL

Ei (rL\f^ (/*</ + ifcifciV-1 + . . .W\)dy' (24)

Here the superscript c means composite solution, taken to be

^ = h° + h* - hio (25)

with the superscript i meaning inner, boundary-layer solution.
Taking advantage of the result that the enthalpy in the inner
region scales as hQwg

o (to be shown later), we can rewrite this

equation as
ofti _ (26)

Thus H* here is order unity. Noting that the composite solu-
tion is equal to the outer solution everywhere except in the
inner region, we can write

€l(a

El (TL\fy'

^E, (TL [f"' h^dy" )] dy' (27)

where y* corresponds to a value of y in the overlap region.
Letting f = y^ (<pi ?> 1) of order unity describe the inner
region (<pi to be determined later) we can rewrite the second
term as

I/,;,
,, "'*"!)]«'

where we have substituted the inner solution for the composite
solution in the inner region. Expanding this result for large
<pi, we have, to lowest order

Expanding the other terms in the absorption integral for
small €1, we have

•1 a + Q ( /V

ho° Ei [TL j
0 \ Jy

r~ /* i
ei I TL(OL + £) J hQ°a+ ~lhi°

/•I Q / I /*y'

TL^P I ho0 EQ\TL\ I
J 0 \ I J y

T T O /* 00 oi> n^+Pz? / \ I /1 u •>a+P\J}-r i /oo\
—— "Owg £<l(T sW I (1 — ^0 J^i ~T • • • (^&)<pi »/0

It should be noted that the expansion of

given above is not uniformly valid. Specifically, it is not valid
near y = 0 as hi0 is logarithmically singular there. However,
as the region of invalidity is exponentially small, it is com-
pletely immersed in the algebraically small boundary layer
and therefore is neglected. The first-order inviscid equations
can thus be written

+ 3) (29)
fi°ht,y° =

+

"*")^ ' (30)

assuming ei = l/tpi, a result verified later. Here

o' (3D
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The boundary conditions at the bow shock wave are

y = 1: hs = / i< = 0 (32)
Taking advantage of the intuitively apparent result (verified
in detail later) that the lowest-order, outer streamfunction
/o°, vanishes at the body, one can show from Eqs. (19, 20, 29,
30) that the inner limit of the outer solution, needed for the
matching, is given by

7rhQwgom/2y + a^ (log2/)1+> + a*y% (logy)' +

log?/ - y)

(33)

a7)
(34)

where h0wg°, the lowest-order inviscid gas enthalpy at the wall,
is given by

fo *o'atfi(T.i? W)]1A" (35)

and follows simply from the condition of radiative equilibrium
at y = 0. The a* are given in Appendix A.

Boundary- Layer Flow

As is well known, a regular perturbation expansion about the
infinite Reynolds number limit is not uniformly valid. As the
region of invalidity is near the wall (y = 0) , we introduce the
stretched inner coordinate f and inner variables Hi and F as

Fi = (36)

where y* are constants, depending upon the Reynolds number
and other parameters, to be determined in such a manner that
near the wall where momentum and energy transfer by trans-
port phenomena are important, f, H*, and Fi are of order
unity. Using these inner variables, we can write Eqs. (11)
and (12) as

(NF <) + i. Ftp t =
(37)

ftp TRe
X

r H*dt/ rJ° Jo

fJo <p\.<p?r
(38)

Thus, if momentum and energy transfer by transport phe-
nomena are to be comparable with that by convection

<^i<£>3 = Re (39)
Also, Eqs. (23) and (34) imply

, „ _ , * 0m/2 iAf\\, (pi — 7rfiQwg° <ps (41))

These particular choices for <pi and ^2 imply, as we shall see,
the enthalpy Hi and derivative of the stream function. Fr»,
both approach unity for large f. Although strictly one need
not include howg° in the expressions for <pi and <£o, it is quite con-
venient for two reasons. First, this implies the dependent
variables in the inner region have numerical values near unity
which is convenient in the numerical computations, especially
with regard to the enthalpy which appears in the equations
raised to a high power (between about four and eight). Sec-
ond, as will be demonstrated shortly, one can then readily as-
certain the effect of radiative transfer in the outer, inviscid
layer on the inner, boundary-layer flow. Specifically, one
then obtains F as the appropriate radiation-convection en-

ergy parameter in the boundary layer which, although asymp-
totically of the same order of magnitude as F for large Re, is
numerically much smaller than F due to h§wg° being less than
unity. With this in mind, we thus chose the <p1' as

(41)

thus verifying that/o°(0) must indeed vanish. This expected
inverse-square-root dependence of the boundary-layer thick-
ness on Reynolds number is to be contrasted with the result
obtained on the basis of an optically thin radiative transfer
model, with Tw = 0 (see Ref. 1)

The source of this striking difference is the zero value of the
inviscid gas enthalpy at the wall predicted by the optically
thin model. Jischke10 has shown, however, that the optically
thin model is singular and that elimination of this singular be-
havior using the methods of singular perturbation theory im-
plies a finite nonzero value of the inviscid gas enthalpy at the
wall. Thus, as suspected elsewhere,11 the optically thin re-
sults are not characteristic of the more general case. Letting

F -

* = K ****'
(43)

we can write the inner, boundary-layer equations as

-f (44)

X

(45)

The reduced shock layer optical depth, rs, can be looked upon
as a Bouguer number based upon the boundary-layer thickness
and indicates the relative importance of emission and self-ab-
sorption within the boundary layer. For rs of order unity and
Re large, TS will be small. Similarly, F is the reduced radia-
tion-convection energy parameter appropriate to the bound-
ary layer. As howg° is less than unity for most cases of interest
(e.g. see Fig. 3) and typical values of (a + ft — 1 — m/2)
range from five to ten, the effect of radiative transfer within
the boundary layer is smaller than in the shock layer and, in
many cases, is negligible.

Expanding these inner variables for large Re

H* -
Eqs. (44) and (45) can be written, to lowest order

(46)

3) (47)

(48)

where we have made use of the fact that, to lowest order, the
absorption integral is given by the outer solution. However,
the condition of radiative equilibrium at the wall for the low-
est-order, outer solution implies

TV + TS ̂  ht'"El(T,nl) drj' = 2h0wa°a (49)

Thus Eq. (48) can be rewritten

+ *V#or' = 2 ?H^(H^ - 1) (50)

This implies that the viscous boundary layer is, to lowest or-
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Fig. 1 Shock
layer enthalpy
profiles, TL = 1.0.

der, a region of variable emission and constant absorption with
the absorption level being determined by the outer inviscid
flow. Thus, as opposed to being optically thin as assumed
elsewhere, absorption within the boundary layer is not negli-
gible in that the inviscid portion of the shock layer acts as a
constant external source of radiant energy providing an addi-
tional mechanism for energy transfer to the boundary layer.
Also, the above is in contrast to other results1 for the (singular)
optically thin limit where the lowest-order boundary layer is a
nonradiating one. The present result appears to be of general
importance. Specifically, regions of small spatial extent
(small such that the Bouguer number based on the thickness
of the region is small) are characterized by variable emission
and a constant absorption level — the constant level following
from the "outer" region. Chien's12 treatment of the radia-
tion-structured blast wave and Cohen and Clarke's13 analysis
of the influence of viscosity on shock waves structured by
radiation are other examples of this result.

In addition to satisfying boundary conditions at the wall,
the lowest-order boundary-layer solution must satisfy condi-
tions at the outer edge of the boundary layer. These condi-
tions follow from the matching procedure. As asymptotic
solutions of Eqs. (47) and (50) are

/V ~ f - const + o[f -i-2f« exp(- f2/2)] (51)

#o* ~ 1 + o[f -2f« exp(- fV2)] (52)

the limiting matching principle gives

The boundary conditions at the wall for this lowest-order in-
ner solution are

f = 0: = 0, #o* = hw/h0wg° (54)

0.2

o.o

0.0 0.5 1.0 1.5 2.0

Fig. 2 Radiative transfer at the wall vs TL.

0.6 Fig. 3 Inviscid
gas enthalpy at

the wall vs TL»

0.5 1.5 2.0

The determination of higher-order contributions requires
knowledge of 61 (Re) and <52 (Re) . Comparison of the inner limit
of the outer solution with the outer limit of the inner solution
reveals that the two results will match if

, /p xdz(fte) = / C C N€1 = — (55)

For j = 0, we can eliminate either di or &>. However, as the
axisymmetric case is of greater practical interest, we shall re-
strict attention toj = 1 in the ensuing discussion. Note that
our earlier comment about the limit of Reei(Re) for large Re is
now verified. Also, the above result for di(Re) is to be con-
trasted with that obtained for the (singular) optically thin
limit

Si (#6) thin = 1/Vithin (56)

The first- and second-order boundary-layer equations for the
axisymmetric case can then be shown to be

(57)

(58)

V) (59)

X

(60)

In deriving the second-order energy equation, the following
less obvious result was obtained

(61)

with errors of order ci. The lowest-order optical variable in
the boundary layer, 770, is given by

(62)

The asymptotic matching principle gives the following bound-
ary conditions for the first- and second-order boundary-layer
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Fig. 4 Bound-
ary - layer stream
function profiles.

1.00

equations

At the wall, we have

f = 0: Fi = Hi* = 0

= HZ* = 0

a8] (63)

(64)

The (dimensional) convective heat-transfer and skin-friction
coefficient are given by

qw
c Pr^ Re1'2

Nw psvshs

Re11* =

(65)

(66)

with errors of order ^i"1. The radiative heat transfer to the
body is, to order <pi~1

J given by the lowest-order outer solution
alone. Thus, the total (dimensional) heat transfer to the
body is given by

AT / 7 T \ 1 / 2

p^T (^J hQwg°l+m/4(H^ +

up to (but not including) order ^i"1.

WV')r-o (67)

Results and Discussion

Typical lowest-order, inviscid shock layer results are shown
in Figs. 1-3. These results were obtained using the method of
parametric differentiation as described elsewhere.2 In the
actual computations, the parametrically differentiated equa-
tions were solved in a manner similar to that employed in
analyzing the one-dimensional, hypersonic, radiating shock
layer.

The effect of the radiation-convection energy parameter, F,
on the shock layer enthalpy profile is shown in Fig. 1 for TL =
1.0 and Tw — 0.5. Increasing F with TL fixed, implying a

f0 (0) 0.75

Fig. 5 Lowest-order skin-friction parameter vs r.

more strongly radiating layer, leads to decreased enthalpy
levels due to the associated larger energy losses. The (non-
dimensional) radiative heat transfer to the body

(68)

is given in Fig. 2 for various values of the Bouguer number, TL,
and radiation-convection energy parameter, F. As shown, in-
creasing TL at a fixed F, corresponding to a more strongly ab-
sorbing shock layer with higher associated enthalpy levels,
leads to increased radiative heat transfer. Also, increasing F
at a fixed TL yields lower radiative heat transfer due to the
lower associated enthalpy levels in the shock layer. The vari-
ation of the lowest-order, inviscid gas enthalpy at the wall,
howg°, with Bouguer number TL for various F is shown in Fig. 3.
Being an energy loss mechanism, radiative transfer leads to re-
duced values of h0wg° (the nonradiating value of h0wg° is unity).
As howg° provides the scaling for the enthalpy level in the
boundary layer, the gross effects of radiative transfer in the in-
viscid shock layer on the boundary-layer flow can be inferred.
That is F, a measure of the relative importance of energy trans-
fer in the boundary layer by radiation as compared with con-
vection, is given by Eq. (43), and typical values of (a + )8 — 1
— m/2) (e.g. from five to ten) imply, with these calculated
values of /&owff°, the weakly radiating nature of the boundary
layer for most cases of interest.

Typical results of calculation of the boundary-layer flow
are shown in Figs. 4-8. The effect of radiative transfer on
the lowest-order, boundary-layer velocity profile is given in
Fig. 4. As found in many other radiative gasdynamic calcu-
lations, the effect of radiative transfer here is primarily ther-
modynamic (as opposed to dynamic) with a relatively small in-

Fig. 6 Lowest-order boundary-layer enthalpy profiles.
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EXACT
EQ.(28)

—- —- — EQ.(29)

0.0 0.5 1.0 1.5 2.i
f

Fig. 7 Lowest-order convectiye heat-transfer parameter
vs r.

fluence on the stream function. Thus, as shown in Fig. 5
radiative transfer has a relatively small effect on the second
derivative of the lowest-order stream function at the wall F<%f
(f = 0) which is directly proportional to the skin friction
coefficient, C/. From Eq. (66), one can then infer the effect of
radiative transfer on the skin-friction coefficient to be given
primarily by the change in the inviscid gas enthalpy at the wall
and shock detachment distance

ct/ct. (69)

assuming N to be constant. Noting that the change in the
shock detachment distance with the inclusion of radiative
transfer is generally small, the net effect of radiative transfer
is seen to be to decrease the skin friction. As m is approxi-
mately unity, Fig. 3 implies possible reductions in the skin
friction by a factor of two.

A typical set of lowest-order enthalpy profiles in the bound-
ary layer is shown in Fig. 6. As indicated, increasing F, cor-
responding to a more strongly radiating inviscid outer layer
and, hence, a more strongly absorbing boundary layer, implies
larger enthalpy gradients at the wall. Indeed for large F, the
effect of the convection of ene_rgy in the boundary layer is neg-
ligible to the lowest order in F and one can then integrate the

0.0 0.010 0.020

Fig. 8 First- and second-order boundary-layer profiles.

Fig. 9 Regimes of dominant radiative and convective heat
transfer.

lowest-order energy equation to obtain

~W = 2fl12 \ p + i ' T » 1

(70)

for N = Pr =_L. As most practical cases of interest corre-
spond to small F, it is of interest to obtain a expression for the
heat transfer in this limit. To this end, we employ the formal-
ism of the method of parametric differentiation and dif-
ferentiate the lowest-order energy equation with respect to F
to obtain, for N = Pr = 1

where

H = d#o''/dr, F =

a)H (71)

(72)
Restricting attention to F = 0 and neglecting the effect of
radiative transfer on the stream function (e.g., assume F ~ 0),
we obtain

= 0) = 2 df exp X

which depends upon hw/h0wg°orLly. Evaluating the right-
hand-side from exact (numerical) calculations and empirically
correlating these results, we obtain

F fo.26 + 0.15 7^ + 0. hw < 0.5 (74)

The approximate expressions for the enthalpy gradient at the
wall given by Eqs. (70) and (74) along with (exact) results of
numerical computation are shown in Fig. 7 for two values of

Typical first- and_second-order boundary-layer results are
shown in Fig. 8 for F = 0.0304, hw/h0wg° = 0.796 and TL =

Table 1 Nondimensional velocity and enthalpy gradients
in the boundary layer, TW — 0.5

r
0,

i
5

.5

.0

.0

TL

0.
1
0.
1,
0,
1

5

,5
,0
.5

(oT
0.874
0.856
0.893
0.874
0.936
0.920

j

0.
0.
0.
0.

(0)
100
138
070
.112

-0.024
0. 024

(of
0

-0.001
0

-0.001
0
0

(0) (ojr

0
0
0
0
0
0

0.007
0.004
0.009
0.019
0.028
0.071

0.
0.
0.
0.

-0,
0.

J2fi

(0)
006
017
004
012

.001
002
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1.0 corresponding to an outer inviscid flow with F = 0.5. In
Table 1 we have tabulated first- and second-order heat-trans-
fer and skin-friction parameters for calculations correspond-
ing to T = 0.5, 1.0, 5.0 and TL = 0.5, 1.0. In all cases, Tw
= 0.5. As indicated, the first- and second-order contribu-
tions to the heat transfer and skin friction are quite small and
thus, while of theoretical interest, are practically negligible.
This is due to the smallness of F which, in turn, results from
the reduction of h^g° below its nonradiating value of unity.

As one expects F to be small for most cases of interest, one
could sensibly assume F to vanish within the boundary layer.
In this approximation, radiative transfer affects the skin fric-
tion and convective heat transfer only through the scaling of
the enthalpy and stream function in the boundary layer (ne-
glecting the change in the shock detachment distance and hence
the Reynolds number). Eq. (69) gives the effect of radiative
transfer on the skin friction. The convective heat transfer is,
in this approximation, given by

(75)

assuming N = Pr = 1 . The function G follows from the non-
radiating boundary-layer solution14 and, for N = Pr = 1, one
can empirically correlate the numerical results to obtain

G(hw/h0wg<>) « 0.50(1 - hw/h,wg°) (76)

Using these approximations, the convective heat transfer
(times Re112) has been calculated for N = Pr = ir2 = 1.0 for
various values of the radiative parameters F and TL. Com-
paring these results with those of Fig. 2, we see that, unless F is
small, the convective heat transfer is generally less than the
radiative heat transfer in the high Reynolds number limit for
which the present calculations are applicable.

Assuming F small, the convective and radiative components
of the heat transfer can be determined analytically and com-
pared to determine the locus of conditions which delinate the
regime where radiative heat transfer exceeds convective heat
transfer in the high Reynolds number limit. For F small, the
radiative heat transfer to the body is given, to lowest order by
the non-radiating enthalpy profile. Thus

£- [1 - 2E*(TL) - TV], F « 1 (77)psvshs

with the gas enthalpy at the wall being given by

- EI(TL) + Tw*)]l/a F <& (78)

Thus, for N — Pr = 1, the convective heat transfer follows
from Eqs. (75) and (76) is given by

psvshs
x

(79)

using these small F results, the locus of points in a [TL,
F(jKe)/7r)1/2] plane for which the radiative and convective
components of the heat transfer are equal is shown in Fig. 9
for Tw = 0.0. These results indicate that in the high Reyn-
olds number limit for which the present analysis is valid, the
radiative component of the heat transfer dominates the convec-
tive heating at rather small values of F (F of order Re-112).

The extension of the present results to include the effect of
nongray radiative transfer is, to lowest order, straight forward.
The outer (inviscid) energy equation becomes

- F

where the nondimensional Planck function, Bvy is
- ^ irhv* 1

v ~ g-fp 4C2 ehv/kT _ I

The Planck mean absorption coefficient, xpj is

X--D — rw

(81)

(82)

and can be reasonably assumed to be proportional to some
power (@) of the enthalpy. The spectral absorption coeffi-
cient KV is here normalized by the value of the Planck mean
absorption coefficient at the shock. The boundary-layer scal-
ing with Reynolds number is the same as earlier with the low-
est-order boundary-layer energy equation being

+ x

'B^TQ« E,(t}dtdv~\
UQwg0 J

(83)

which is similar to Eq. (50) in that the boundary layer is a re-
gion of variable emission and constant absorption with the
constant absorption level being determined by the outer invis-
cid flow. Also, the boundary layer in the nongray case is
weakly radiating as a result of the reduced inviscid gas en-
thalpy at the wall provided HV} the spectral absorption coeffi-
cient, is not so large that hQwg°a ~l ~ m/2 KV is of order unity. In
that case, the boundary layer would be weakly emitting and
strongly absorbing corresponding, perhaps, to a situation of
practical interest. The lowest-order, outer (inviscid) and in-
ner (boundary-layer) energy equations, Eqs. (80) and (83)
both assume pKv L Re~112 to be small and have errors of the
order of

fj o (pKvL)*Bvdv

which may not be small if there are very strongly absorbing
lines for which KV is quite large and/or if there is an extensive
optically thick region in which significant energy transfer oc-
curs. If these quantities are not small, then self-absorption
within the boundary layer is not negligible and the inviscid
outer region and viscous inner region are coupled, radiatively,
to lowest order and we have a strong interaction problem.
The data given by Biberman, et al.15 for T = 6000° K and p =
1.0 atm. suggest that at very high frequencies pKv is of the or-
der of 10. cm"1 implying the present analysis to be valid if
the boundary-layer thickness is less than aproximately 0.01
cm corresponding, crudely, to a shock detachment distance of
30. cm at a Reynolds number of 107.

Appendix A

ai = ~ (ir/S)hQwg<>m/2-lma,, j = 1
-W, j = 0 (Al)

(-2a5 + 3a4), j = 1
(m<jr/4:)h0wg°m/2-l(2a5 - a4), j = 0 (A2)

a3a° = —ma4/4hQwg°fiwg
0, j = 1

ma4/2howg° flwg* + ^/*/2~1(mtf6/2), j = 0 (A3)
a+/3~1) X

dy (A4)

04 1 7 + log (rsh0wg
of* I JQ

(80)
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a7 = l a i o » /

rs,S f ' Ve-^0'-! <V + T.(a + ft f '
JO 770 ^ u

(T,7;o')<V + r J*>v,°a+li (y +

(A6)

X

X

' J (A7)

where 7 is the Euler constant, 0.577 . . . .
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